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Abstract. We begin an exploration of parametric Backhand transformations for hyperbolic 
Monge-Ampere systems. We compute invariants for such transformations and explore the 
behavior of four examples regarding their invariants, symmetries, and conservation laws. 
We prove some preliminary results and indicate directions for further research. 



1. Introduction 

In this paper we will study parametric Backlund transformations between second-order 
hyperbolic Monge-Ampere equations for one function of two variables. These are partial 
differential equations (PDE) of the form 

A(Z xx Zyy — Z^y) + BZ XX + 2CZ X y + DZyy + E = 

where the coefficients A, B, C, D, E are functions of the variables x, y, z, z x , z y . The equation 
is hyperbolic if it has distinct, real characteristics at each point, i.e., if AE — BD + C 2 > 0. 
Before giving a formal definition, we consider the following classical example. 

Example: Consider the pair of PDEs 

(1) z x -z x = Xsm(z + z) 

1 ■ / — \ 
Zy + Zy = - sm{z - ZJ 

A 

for functions z(x,y), z(x,y), with A a nonzero real number. By differentiating the first 
equation with respect to y and the second equation with respect to x and then adding or 
subtracting the two equations, it can be shown that any smooth functions z(x,y), z(x,y) 
satisfying these equations must both be solutions of the sine-Gordon equation 

(2) z xy = \sm(2z). 

From another point of view, if z(x,y) is a known solution of (0), then ([!]) is a compatible, 
overdetermined system for z(x, y). Solving this system, which only requires integrating ordi- 
nary differential equations, yields new solutions of flU) which are Backlund transformations 
of the original solution. For example, taking z(x, y) — yields 

z(x,y) =tan- 1 (e- (Ax+ i 2/+c) ). 
These are the 1-soliton solutions of the sine-Gordon equation. 
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The sine-Gordon equation is a classical example of an integrable system. The remarkable 
features typical of such systems include an infinite sequence of conservation laws, a method 
of solution by inverse scattering , and Backlund transformations. (Indeed, the most inter- 
esting examples of Backlund transformations come from integrable systems.) Note that the 
arbitrary parameter A appearing in the Backlund transformation ([!]) does not appear in the 
sine-Gordon equation itself. This parameter plays a critical role in the theory of Backlund 
transformations of integrable systems; for instance, it is possible to derive the infinite hier- 
archy of conservation laws for the sine-Gordon equation by performing a series expansion 
of the equations (Ij) in terms of A JHJ. Furthermore, (JTp is equivalent to the sine-Gordon 
AKNS system (with A as spectral parameter), which is the centerpiece of solution by inverse 
scattering fl4| . 

Remark. The system ([I]) is technically an anto-Backlund transformation for sine-Gordon. In 
general, Backlund transformations can take solutions of one PDE and produce solutions to a 
different PDE. For example, suppose that z(x,t) is a solution of the nonlinear heat equation 
z t = (f(z)z x ) x . If y(x,t) is a solution to the equations 

Vx = z, y t = f(z)z x 

and we set z — 1/z, then z is a solution to another nonlinear heat equation z t = (f(z)z y ) y , 
where / is related to / by zf(z) = zf(z). This example also shows that, in general, Backlund 
transformations may involve a change of independent variable. 

As in 0, we will generalize the notion of a Monge- Ampere equation slightly, considering 
Backlund transformations between certain exterior differential systems known as Monge- 
Ampere systems. 

An exterior differential system (EDS) on a manifold M is a differentially closed ideal X in 
the graded algebra, under wedge product, of differential forms on M. Any system of partial 
differential equations can be formulated as an EDS X, and solutions of the PDE system 
correspond to integral manifolds of X, i.e., submanifolds WcM which satisfy the condition 
that all the forms in X vanish when pulled back to INT. 

Definition 1.1. A Monge-Ampere systemX is an EDS on a 5-dimensional manifold M such 
that X is locally generated by a contact form 9 (i.e., a 1-form 9 with the property that 
6 A d9 A d9 ^ 0), the 2-form G = d9, and another 2- form \1/ which is linearly independent 
from and wedge products involving 9. 

A Monge-Ampere system X is hyperbolic if the homogeneous quadratic equation 

(/iQ + A (/x0 + z/$) = mod 9 

has linearly independent real roots [fii, Ui], i = 1, 2. This condition agrees with the traditional 
definition of hyperbolicity, and it implies that there are two independent linear combinations 
\Xi + Vi ^ + Pi A 9 which are decomposable — i.e., they can each be written as a wedge product 
of a pair of 1-forms. Associated to X are two Monge characteristic systems, each containing 
the factors of one these decomposable 2-forms, together with 9. (The characteristic systems 
must each contain 9 because the factors of the decomposable 2-forms are only well-defined 
modulo 9.) 

Remark. Those EDS which are generated algebraically by 1-forms and their exterior deriva- 
tives are known as Pfaffan systems; the dimension of the space of 1-forms in the system is 
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the rank of the system. Any hyperbolic Mo nge- Ampere system is equivalent, under prolon- 
gation, to a type of rank three Pfaffian system known as a hyperbolic exterior differential 
system ||. 

Example (cont'd): The sine-Gordon equation (Q) may be described as a hyperbolic Monge- 
Ampere system X on M 5 (with coordinates (x, y, z,p, q)) generated by the forms 

6 = alz — p alx — q dy 
(3) = — dp Adx — dq Ady 

\& = [dp — \ sin(2z) dy) A dx. 

Two-dimensional integral manifolds of this system that satisfy the independence condition 
dx A dy 7^ are naturally in one-to-one correspondence with solutions of (0). 

Note that \1/ is decomposable; another decomposable linear combination of \I/ and is 
^ + = — [dq — | sin(2z) dx] A dy. Thus, the two characteristic systems are 

C\ = {dz — pdx — qdy, dp — | sin(2,2) dy, dx}, 
C 2 = {dz — pdx — qdy, dq — | sin(2z) dx, dy}. 

Given two hyperbolic Monge- Ampere systems (Mi,2i) and (M 2 ,X 2 ), we define a (non- 
parametric) Backlund transformation between (Mi,Xi) and (M2,X 2 ) to be a 6-dimensional 
submanifold 2 C Mi x M 2 which has the following properties: 

1. The natural projections ni : S — > Mi and 7r 2 : "B — > M 2 are submersions. 



Mi M 2 

2. The pullbacks to B of the forms 0i, 2 , \&i, ^/ 2 satisfy the condition that 

(4) {^1,^2} = {0i, ©2} mod e 1 ,e 2 . 

Since 0i,^i are linearly independent forms (as are 2 ,\l/ 2 ), this condition implies 
that 

{0i,^i} = {0 2 ,* 2 } modd 1 ,6 2 . 

This second equation is really the desired property; the first equation ensures that, 
in addition, the forms 0i, 2 are linearly independent. 

That this definition captures the properties of the sine-Gordon example may be seen as 
follows: suppose that 74 Mi is a two-dimensional integral manifold of X\. The inverse 
image 7r ] ~ 1 (!N") is a three-dimensional submanifold of B. Now consider the restriction of 
7r|(X 2 ) to 7rf 1 (!N). By Property (2) above, the restriction of 7r 2 (X 2 ) to 7rf 1 (!N) is a Frobenius 
system (i.e., a Pfaffian system which is generated algebraically by its 1-forms). By the 
Frobenius Theorem, 7rj~ 1 (?\f) is foliated by two-dimensional integral manifolds of n^^), each 
of which projects to an integral manifold of (M 2 ,X 2 ); moreover, these integral manifolds can 
be constructed by solving ODEs. 

Example ( cont'd): Let Mi = M 2 = R 5 with coordinates (2, y, z, p, q) on Mi and {x, y, z, p, q) 
on M 2 . Let Xi and X 2 be copies of the sine- Gordon system X described above, defined on 
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Mi and M 2 , respectively. For any fixed value of A, the Backlund transformation (|IJ) may be 
regarded as the 6-dimensional submanifold S C Mi x M2 defined by the four equations 



x = x, y = y, 
p — p = A sin(z + z), 

q + q = — sm{z — z). 

A 

In |J, the first author used Cartan's method of equivalence to classify all homogeneous 
non-parametric Backlund transformations of hyperbolic Monge-Ampere systems. (Here, 
"homogeneous" means that the G-structure constructed via the method of equivalence is 
assumed to be acted on by a transitive symmetry group, implying that all structure func- 
tions are constants.) The restriction to the homogeneous case was necessary in order to 
simplify the computations in the method of equivalence so that the classification could be 
completed explicitly. Unfortunately, homogeneity is a significant restriction. In particular, 
the Backlund transformation for the sine-Gordon equation is not homogeneous, so we expect 
that there are many interesting transformations which do not appear in that classification. 

In the present paper, we wish to explore Backlund transformations that depend explicitly 
on an arbitrary parameter, as in the sine-Gordon case. To this end, we define a paramet- 
ric Backlund transformation between two hyperbolic Monge-Ampere systems (Mi,Xi) and 
(M 2 ,X 2 ) to be a 7-dimensional submanifold 

y C Mi x M 2 x R, 

with coordinate A on the M factor, such that for each Ao € M, the set 

3 Ao = 3> n (Mi x M 2 x {A }) 

is a non-parametric Backlund transformation. (We will let 7ri,7r 2 also denote the submer- 
sions from y to Mi,M 2 respectively.) We will associate a canonical G-structure to such a 
transformation, and we will see that the transformation's nontrivial dependence on A will be 
equivalent to the nonvanishing of certain invariants appearing in the structure equations. 

Ultimately, we hope to explore the relationship between Backlund transformations and 
other features typically associated with integrable systems, such as symmetries of the system 
or an infinite hierarchy of conservation laws. In this paper we will explore in some detail the 
behavior of four examples of parametric Backlund transformations: 

• the sine-Gordon transformation described above; 

• a transformation, given by Zvyagin [|16|], between the wave equation and a quasilinear 
PDE which we refer to as Goursat's equation; 

• the classical auto-Backlund transformation between surfaces of constant Gauss cur- 
vature K — —1 in E 3 ; 

• an auto-Backlund transformation between timelike surfaces of constant mean cur- 
vature (CMC) equal to 1 in the negatively curved Lorentzian space form H 2,1 (also 
known as anti-de Sitter space). 

We will see that: 

• In the first two examples, nontrivial dependence on a parameter arises from sym- 
metries of the underlying Monge-Ampere systems (Mi,Xi), (M 2 ,X 2 ), but no such 

symmetries lead to the parametric dependence in the other two examples. 
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• In the first two examples, each characteristic system contains a rank one integrable 
subsystem, whereas in the K = — 1 example none of the characteristic systems con- 
tains such a subsystem, and in the CMC example exactly one of the characteristic 
systems for each of X\ and Z2 contains such a subsystem. For this reason we regard 
the CMC example as somehow exhibiting behavior "in between" that of the other 
examples. 

• In the sine-Gordon example, each Monge- Ampere system has a 3-dimensional space 
of conservation laws, while the space of conservation laws for the system J = 
{9i, 9 2 , ©1, ©2} on S Ao is 4-dimensional, and is the union of the pullbacks of the 
spaces of conservation laws from Mi and M2. By contrast, in the K — — 1 example 
each Monge- Ampere system has a 6-dimensional space of conservation laws, and the 
space of conservation laws on 23 ^ is a 7-dimensional space in which the union of the 
pullbacks forms a 6-dimensional subspace. (In the other two examples the space of 
conservation laws for each Monge- Ampere system is infinite-dimensional.) 

In the sequel to this paper, we plan to determine the relationship between these properties 
and certain invariants appearing in the structure equations of the G-structure associated to 
parametric Backlund transformations in general. Some initial results in this direction will 
appear in section [7]. 



In this section we will associate a canonical G-structure to a parametric Backlund trans- 
formation between two Monge-Ampere systems (Mi,2i), (M 2 ,Z 2 ). 

Suppose that 7 C Mi x M 2 x 1 is a parametric Backlund transformation as described 
above. Let 9\, #2 denote locally defined 1-forms on 7 which are the pullbacks of the contact 
forms on Mi,M2, respectively, let ( be an integrable 1-form on 7 whose pullback to each 
slice 33a vanishes identically, and let K, denote the span of {#1, #2, C}- (For the present, we 
will use barred letters to denote forms and functions on 7 and unbarred letters to denote 
the corresponding semi-basic forms and functions defined on a G-structure over 7.) 

Recall that the Cartan system (also called the retracting space Jl]) of a Pfaffian system X 
is the smallest Frobenius system containing X. In particular, the Cartan system of a single 
1-form 9 is spanned by 9 and the forms which appear in d9 mod 9, and the dimension of this 
Cartan system is the Pfaff rank of the 1-form. Since 



the Pfaff rank of ( is one. Since each 9i is the pullback of a contact form on a 5-dimensional 
manifold, its Cartan system has rank 5 and consists of 1-forms which are semi-basic for 7Tj, 
i.e. they vanish on vectors tangent to the fibers of 7Tj. 

Let 72-1, 72-2 denote the Cartan systems of 81, 6*2, respectively. We are free to modify each 
of 81, 62, and ( by multiplying by a nonzero function, and if we do so their Pfaff ranks and 
Cartan systems do not change. 

Let Cn,Ci2 denote the Monge characteristic systems of 2j. Since each slice 33 a defines a 
Backlund transformation between X\ and X 2 , there are 1-forms lu 1 , O 2 , uj 3 , Co 4 on 7 such that 



2. A CANONICAL G-STRUCTURE 



(5) 



d( = mod £, 



7r*Cn = {9 1 ,uj 1 ,uj 2 }, 

7T*Ci2 = {^l,CU 3 ,^ 4 }, 



7^21 = {6*2, C^ 1 ,^ 2 }, 
71"2 C 22 = {92,LJ 3 ,LJ 4 }, 
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when restricted to B^ . (See || for a detailed construction of this coframe on any slice.) 
Since ddi mod 9i must be a linear combination of decomposables in Cn and Ci 2 , we have 

d6 1 = A x uj 1 A uj 2 + A 3 uj 3 A uj 4 mod^i,C 

(6) _ _ _ 

d9 2 = A 4 uj 1 A uj 2 + A 2 uj 3 A uj 4 mod 6» 2 , C 

for some nonzero functions Ai on 7 such that A\A 2 — A 3 A± 7^ at each point. This implies 
the analogue of (||), 

{7r*# x, tt|* 2 } = {d^i, d0 2 } mod /C. 

We are free to modify the uj 1 by scaling and adding multiples of (, and we will use this to 
arrange that A 3 = 1 = A4 and that, on 7, 

(7) 7r*C n = {9 X ,u\u) 2 } 7T 2 *C 2 2 = {9 2 ,0J 3 ,UJ 4 }. 

(This condition determines the spans {uj 1 ,^ 2 } and {uj 3 ,uj 4 } uniquely.) Consequently, there 
are functions Di on 7 such that 

ddx = Axuj 1 A uj 2 + cj 3 A cj 4 + C A (Z) 3 + D 4 uj 4 ) mod #1 

d9 2 = lj 1 A lj 2 + A 2 lj 3 A lj 4 + ( A (D 1 lj 1 + D 2 lj 2 ) mod 9 2 

with A\A 2 7^ 1, and 

(9) 7r*C 12 = {#1, cu 3 + D,(, uj 4 - D 3 (}, tt 2 *C 2 i = {9 2 , uj 1 + D 2 (, uo 2 - D X Q. 

Now let 9 be the sub-bundle of the coframe bundle of 7 consisting of all coframes 
(C, 6*i, 9 2 , uj 1 , lj 2 , lj 3 , lj 4 ) satisfying the conditions (|j), (|7|), (||), @ above. Then S is a 
G-structure on T, where G C GL(7, R) is the 9-dimensional group of matrices of the form 



too - 

s 

r 

R 
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: R, S e GL(2, M), det(R) = r, det(S) = s, t^O 



There are canonical 1-forms (£, 9\, 9 2 , u 1 , u 2 , u 3 , u 4 ) on 9 defined by the property that for 
any section a = ((, 9\, 9 2 , lj 1 , lj 2 , lj 3 , lj 4 ) : 7 — > 9 we have 

(10) <?*(() = (, <T*(Oi) = 0i, a*(uj i )=uj l . 

These forms are semi-basic for the projection from 9 to 7 and will henceforth be referred to 
as the semi-basic forms on 9- The reproducing property ( PH ) implies that 

d9 1 = A 1 lj 1 A lj 2 + lj 3 A lj 4 + C A (D 3 lj 3 + D 4 lj 4 ) mod 9 1 

' ' ' ' d9 2 = uj 1 A uj 2 + A 2 u 3 A lj 4 + C A (D 1 uj 1 + D 2 lj 2 ) mod 9 2 

where Ai,Di are functions on 9 such that a*(Ai) = Ai and o~*(Dj) = Di for any section o. 
Using TZi,7l 2 to denote the Cartan systems of 9\, 9 2 on 9, we have 

Tlx = lj 1 , lj 2 , u 3 , u 4 }, TZ 2 = {9 2 , uj 1 , u 2 , uj 3 , uj 4 }, 

where, for the sake of convenience, we define 

uj 1 = u 1 + D 2 (, u 2 =uj 2 -D 1 (, uj 3 = lj 3 + D 4 (, u 4 = uj 4 -D 3 (. 

We will now proceed with the method of equivalence by trying to normalize terms ap- 
pearing in the exterior derivatives of the semi-basic forms on 9- First, we must compute the 
exterior derivatives of the uj 1 . 
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Note that the pullbacks of the Monge characteristic systems of Xi are given by {0i, u 1 , uj 2 } 
and {0i, u; 3 , u) 4 }, while the pullbacks of those of X 2 are {0 2 , uj 1 , uj 2 } and {9 2 ,uj 3 ,uj 4 }. This 
implies that 



(12) 



du 1 = du 2 = mod 9\,uj , uj 2 , A 2 (JZi] 
du 3 = du 4 = mod 9 2 , uj 3 , uj 4 , A 2 {TZ 2 ] 



and 



(13) 



duj 1 = du 2 = mod 2 , uj 1 , uj 2 , A 2 {K 2 ) 
du 3 = du 4 = mod 1; ul 3 , Zj 4 , A 2 (^ x ). 



Because ( is integrable, ([T^) implies that 
(14) 



du 1 = du 2 = mod C, 2 , w 1 , w 2 , A 2 (7£ 2 ) 
^ 3 = rfcu 4 = mod C,^i,^ 3 ,u; 4 ,A 2 (^i) 



Together, (pD and ([14]) imply that 



da; 1 = 5! ^ A 9 2 + d u 3 A u 4 + C A 9 1 
du 2 = B 2 9 1 A 9 2 + C 2 u 3 A u 4 + £ 2 C A 0! 

cL; 3 = B 3 9 1 A 2 + C 3 uj 1 A u; 2 + E 3 ( A 2 
cL/ = -B4 6>i A 6*2 + A £ 2 + £ 4 C A 2 



mod a; , uj 2 



mod cu 3 c<j 4 



for some functions B iy Ci and Ej on S- 

A standard argument shows that on 9 there exist 1-forms «j, ft, 7 (referred to as connec- 
tion forms), linearly independent from the semi-basic forms, such that 



(15) 
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These are the structure equations of 9 ■ The column on the far right consists of 2-forms which 
are sums of wedge products of pairs of semi-basic forms on 9; these forms are collectively 
known as torsion. Our assumptions about the G-structure limit the kinds of terms that can 
occur as torsion, and we may also absorb some torsion terms by adding semi-basic forms to 
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the connection forms. In particular, we can arrange that 



T 


= 












= F 1 (A9 1 + A 1 ( 


co 1 - 


-d X ) A (cj 2 


-C 2 0i) + (w 3 + £)4C) A(w 4 
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= F 2 (A9 2 + A 2 ( 


w 3 - 


-C 3 2 ) A(u; 4 


-C , 4^ 2 ) + (cu 1 + J D 2 C) A(cu 2 
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Qi 


= B 1 9 1 A6 2 + Ci 
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- D 1 () + E 4 (A9 2 





for some functions A i: B^C^ D iy Ei, Fi on 9- (As noted previously, we must have Ai, A 2 
nonzero and A\A 2 7^ 1.) 

The right action of G on sections of 9 is <? • a = g~ x a. This induces an action on the 
torsion coefficients, as follows. The functions A 1: A 2 , F 1: F 2 are acted on by scaling: 

A l -> rs-'A,, A 2 -> r _1 sA 2 , Fi -> tF 1; F 2 -> tF 2 . 

(In particular, the product A X A 2 is invariant on the fibers of 9, so the condition A X A 2 7^ 1 
makes sense.) The remaining coefficients occur naturally in pairs as components of vectors 
and are acted on as follows: 



A 

A 


-> rsR~ l 


A 

A 
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A 




"s 3 " 
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-> sR- 1 
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A 
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->(r -1 *)*i2 


"Si" 
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E 2 


-> stir 1 
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s 3 




s 3 
A 



In particular, we observe that the vanishing of any of these vectors is a well-defined condition 
on CP, as is the linear dependence or independence of certain pairs of vectors, e.g. [Bi B 2 ] 
and [Ci C 2 ] or [E 1 E 2 \. As well, the dot product of [D 1 D 2 ] with any one of these three is a 
relative invariant. 

We can make some elementary observations regarding how the vanishing of some of these 
vectorial invariants implies the vanishing of others. 

Proposition 2.1. If the vector [C± C 2 ] vanishes identically on CP, then so do [B\ B 2 ] and 
[Ei E 2 }. Similarly, if [C 3 C4] vanishes, then so do [B 3 B A ] and [£3 E A ]. 

Proof. Suppose that C\ = C 2 = 0. Differentiating the structure equations for doj 1 and duj 2 
and reducing modulo OijU 1 , and uj 2 yields 

= d(duj l ) = [B x 9 2 - E 1 C) A u 3 A u 4 mod 9 U u 1 , uj 2 

= d(duj 2 ) = [B 2 9 2 - E 2 C) A u 3 A CD 4 mod 6 U uj 1 , uj 2 ; 

therefore B 1 = B 2 = E 1 = E 2 = 0. A similar argument shows that if [C 3 C 4 ] vanishes, then 
so do [B 3 B A ] and [E 3 E A \. □ 
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In all the examples considered below, both vectors \C\ C 2 ] and [C 3 C4] are nonzero. 
The following two propositions are proved in ||. 

Proposition 2.2. If both vectors [C\ C 2 ], [C 3 C4] vanish, then the Backlund transformation 
is locally equivalent to a transformation between solutions of the wave equation z xy = 0. 

Proposition 2.3. If both of the vectors \C\ C 2 ], [C3 C4] are nonzero, then the vectors 
_B 2 ], [-B3 B4] are either both zero or both nonzero. 

If the vectors [B\ B2] and [B 3 B4] both vanish, then for each A the Backlund transformation 
is holonomic in the sense described in ||. 

Proposition 2.4. If both of the vectors \C\ C2], [C 3 C4] are nonzero, then the vectors 
[Di D 2 ], [D 3 D4] are either both zero or both nonzero. Moreover, if these vectors both 
vanish, then so do the vectors [E 1 E 2 ], [E 3 E±] and the functions Fx, F 2 . 

Proof. Suppose that Dx = D 2 = 0. Differentiating the structure equation for o?# 2 and 
reducing modulo 61,62, either uo 1 or uo 2 , and either uo 3 or uo 4 yields 

= d(d6 2 ) =-CxD A ( A uo 2 A uo 4 mod 8 U 6 2 , to 1 , u 3 

= d(dd 2 )= C 2 D A C A uj 1 A uj 4 mod 6x,6 2 , to 2 , to 3 

= d(d6 2 ) =-CxD 3 C A uj 2 A u 3 mod 6 U 6 2 , oo 1 , u 4 

= d(d6 2 )= C 2 D 3 C A uj 1 A uj 3 mod 0i,0 2 , u 2 ,u 4 . 

Since C*i and C2 are not both zero, we must have D 3 = _D 4 = 0. A similar argument shows 
the converse. 

Now suppose that Dx = D 2 = D 3 = D4 — 0. Differentiating the structure equation for 
d6x yields 

= d{d6x) = C A (E 3 6 2 A u 4 - E 4 6 2 A uo 3 - Fi u 3 A uj 4 ) mod 6 U OJ 1 , u 2 ; 
therefore, E 3 — E^ — Fx — 0. Similarly, differentiating the structure equation for d6 2 yields 
= d{d6 2 ) = C A (Ex 9x A uj 2 - E 2 d x A uo 1 - F 2 uo 1 A w 2 ) mod 6 2 , uj 3 , uo 4 ; 

therefore, Ex = E 2 = F 2 = 0. □ 

From this proposition we see that if either of the vectors [Dx D 2 ], [D 3 D4] vanishes (and 
the corresponding C-vector is nonzero), then the structure equations for d9i, duo 1 contain 
no terms involving (. In that case, the Backlund transformation depends trivially on the 
parameter A. Conversely, if these vectors are nonzero, then the Backlund transformation has 
nontrivial dependence upon A and may be considered genuinely parametric. 

3. The sine-Gordon equation 

In this and subsequent sections, we will drop the usage of bars to distinguish between 
objects on T and the corresponding objects on S- (We will be working mostly on 7 anyway.) 
Instead, bars will be used to distinguish between similar coordinates (or similar coframes) 
on Mi and M 2 . 
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Backlund Transformations. As in the example given in the introduction, let Mi = M 2 = 
M. 5 with coordinates (x, y, z,p, q) on Mi and (x, y, z,p, q) on M 2 . Let T\ and Z 2 be copies of 
the sine-Gordon system generated by the forms 

Q\ = dz — p dx — q dy 

©i = —dp A dx — dq A dy 

^i = (dp — \ sin(2z) dy) A dx = — (<ig — | sin(2z) <ix) A dy mod 61 

on Mi, and similar forms # 2 , 2 , ^2 i n terms of the barred variables on M 2 . The Backlund 
transformation CP C Mi x M 2 x R is defined by the four equations 



(16) 



p-p 
q + q~- 



y = y 

A sin(z + z) 
1 



A 



sm.(z — z). 



Let /C denote the span of the 1-forms 9±, 9 2 and d\. On CP, we have 
dp — \ sin(2z) dy = dp — | sin(2z) rfy mod dx, /C 
dq — \ sin(2z) dx = — (rfg — | sin(2z)<ia;) mod /C. 
From these, it follows that Oi = — 2\l/ 2 and 6 2 = — 2\l/i modulo /C. 

G-structure Invariants. We will use x,y, z,z,p,q, and A as coordinates on CP; then p, q 
are given by the Backlund transformation equations 



(17) 



The coframe 



p = p + A sin(,2 + z) 

1 • / 
q — —q + - sm(z - z). 

A 



C = X _1 dX, 
#1 = dz — pdx — q dy, 
62 = dz — p dx — q dy, 



u) 1 = dx, 
uj 2 — dp - 
uj 3 = dy, 
to 4 = dq - 



|sin(2z) dy, 
\ sin(2z) dx 



satisfies 
(18) 

with A\ 



mod /C 



d9i = Ano 1 A to 2 + uj 3 A to 4 
dd 2 = uj 1 A uj 2 + A 2 cj 3 A u 4 
A 2 = — 1. To get a section of S we can modify and uj 4 to 



dp — 7; sin(2^) dy + A (sin(z + z) C + cos(,2 + z) 6 2 ) 



to 4 = dq — i sin(2z) <ir + A 1 (sin(2; — z) C — cos(z — z) 61). 
Using this modified coframe, we compute that 



B\ Ci Ei 
B2 C 2 E2 



B3 c 3 

B4 C4 



£3 

E 4 



= -A 
1 

" A 





sin(^ + z) cos(z + z) cos(2 + z) 





sin(z — z) — cos(z 





z) cos(z — z) 
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£>1 



= A 



sin z 



sm{z — z) 




As well, F\ = F 2 = 0. We observe that 

(1) The vector triples {[B x B 2 ], [C x C 2 ], [E x E 2 }} and {[B 3 B 4 ], [C 3 C 4 ], [E 3 E A }} each 
span a one-dimensional space. 

(2) Each Z)-vector is perpendicular to the corresponding C-vector. 

(3) For both T\ and X 2 , each characteristic system contains a rank one integrable sub- 
system, namely, those spanned by {dx} and {dy}. 

In section [F]we will show that condition (Q) follows from conditions ([]]) and (^]). 

Symmetries. The sine-Gordon equation has a three-dimensional group of symmetries, gen- 
erated by translations in x and y and the Lie transformation L M , defined by 

x i — > fi^x, y i — > fiy, z t— > z, \i ^ 0. 

This is a symmetry of the sine-Gordon equation (0), as well as any "f-Gordon" equation 
z xy — f(z)- 111 other words, takes the graph of one solution z to that of a new solution 
z' — ■ z, defined by 

z\x,y) = z{[ix,[i~ x y). 

Now, suppose z, z are two solutions that satisfy the Backlund transformation equations ([!]) 
for A = Ao- Let the Lie transformation act simultaneously on both, obtaining new solutions 
z', z! respectively. Then z', z! satisfy (HI) for A = yuAo- In other words, the parameter in (H) 
is generated by lifting the Lie transformation. 

This observation is not new; in fact, Rogers and Shadwick [15| show that, assuming 



that the Backlund transformation does not change the independent variables, and that the 
symmetries of each differential equation are 'point transformations which cover the same 
transformation of the independent variables (e.g., x ^ t L ~ lx i V l— ^ ^v)i then this procedure 
always produces a one-parameter family of Backlund transformations from a single Backlund 
transformation. While it would be interesting to generalize this result to a less restrictive 
setting, at present we are concerned with how simultaneous symmetries in each of the Monge- 
Ampere equations manifest themselves as diffeomorphisms of the 7-dimensional manifold 7. 
Furthermore, we will focus on infinitesimal symmetries, i.e., the vector fields which generate 
symmetry transformations. 

A vector field v is an (infinitesimal) symmetry of an EDS X if £ v ip e X for any form 
ip G X. (Here £ denotes the Lie derivative.) Such vector fields form a Lie algebra &j under 
the usual bracket. A special subalgebra are the Cauchy characteristic vector fields, which are 
simply vector fields annihilated by the 1-forms in the Cartan system of X. This subalgebra 
Cj is either trivial or infinite-dimensional, since a Cauchy characteristic vector field may be 
multiplied by a smooth function. 

It is straightforward to check that 

d d d d 

v = x tt ~ y?r ~ pit + ^ir 

ox ay op oq 

is the infinitesimal symmetry of the Monge-Ampere system (|1|) generating the Lie transfor- 
mation. Let v denote the corresponding vector field on M, 2 . 

Proposition 3.1. In terms of coordinates x,y,p,q, z,z and t = log A on 

d d d d d 
ox ay op oq ot 
is the unique vector field on 7 which covers v and v, i.e., 7i lif \N = v and 7r 2 *w = v. 
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Proof. Suppose that 



d d d d . d _ d 

w = x x ~ + 17T + A 7F + B a! 

ox oy op oq oz at 



covers v, v. Since v -■ dz = 0, we have A = 0. Since v dp = —p, we must have 
— p —— w — ' dp 

= w -'[dp — A cos(z + z) {dz + dz) — A sin(,z + z) dt] 
= —p — A sin(,2 + z) B. 

Then QT7p gives B = -1. □ 

Note that Prop. implies that there is no vector field tangent to the 6- dimensional 
level sets 23a of A which covers v and v. However, as has been observed by Igonin and 



Krasil'shchik [I(J, there is a lift of v to Si which generates the one-parameter family of 
Backlund transformations. We will now make this construction explicit. 

Let v be the lift of v to ¥> = Bi such that \/->dz = 0. Then v is not a symmetry of the 
form 02, since C$82 = sin(z + z)dx + sin(^ — z)dy. Thus, flow by v induces a 1-parameter 
group of diffeomorphisms tpt of 25 which preserve 9\ up to multiple (i.e., = mod 9\) 
but don't preserve 62- These are 

<p t (x, y,p, q, z, z) = (e*ar, e~*y, e~ % p, e*q, z } z), 

Now let ip : 25 x R — > 23 be defined by (p(x, y,p, q, z, z, t) = <ft{ x , y,P, Q, z -, z)- One computes 
that 

ip*02 = dz — (p — A sin(,2 + z))dx — (—q + A -1 sin(z + z))dy mod dt, 

where we have set A = e*. Thus, by splitting off the dt parts of these forms and re-labeling 
(p*02 as 82 on = 25 x R, we recover the parametric Backlund transformation defined earlier. 

Note that it is not clear how to choose the lift v so as to make this construction work, nor 
is this question addressed in fL0| . However, some light may be shed in §|4], where we will see 
how this trick applies in another example. 

Conservation laws. The space of conservation laws for an EDS X whose integral manifolds 
have dimension 2 may be naturally identified with the set of closed 2-forms in X, modulo the 
exterior derivatives of 1-forms contained in X, i.e., with the quotient space 



{$ ex 2 


d$ = 0} 







Any conservation law for the Monge-Ampere system Xj = {6^, Bj, has a unique repre- 
sentative of the form 

(19) $ = Q*i + 0iA 7 

for some function Q and 1-form 7, while any conservation law for the system J = {61, 82, 61, 
G2} on 25 has a unique representative of the form 

(20) $ = 9 1 A 7! + 6 2 A 72 

for some 1-forms 71, 72 on 25. (It is not difficult to show that any conservation law for the 
system J on any slice 25 A has a unique lift to a conservation law for the system K, = {61, 6 2 , (} 
on 3 , and that conversely, any conservation law for /C restricts to a conservation law for J 
on each slice 25^. Thus, for ease of computation we will work on 25 rather than on IP when 
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computing conservation laws.) Since 7r*Xj C 3 , the pullback of any conservation law for 
either of the Monge-Ampere systems Xj to 2 is also a conservation law for J , though it 
typically must be modified by the exterior derivative of a 1-form in J in order to appear in 
the form (f20|). 

The condition that $ be a closed form in the ideal typically leads to an overdetermined 
system of PDE's which must be satisfied by the coefficients of $. Here we will sketch the 
computation of the spaces of conservation laws in the sine-Gordon example. 

First we compute the conservation laws for the ideal X\. (This will, of course, be isomorphic 
to the space of conservation laws for X 2 .) Suppose that 

$ = Q [{dp — | (sin z) dy) A dx — (dq — ^ (sin z) dx) A dy] + Q\ A 7 

is a closed form in X\. Computing d$ = mod 9\ shows that 

7 = —Qp dp + Q q dq- (Q x +pQ z + sin(22;) Q q ) dx + (Q y + qQ z + sin(2;z) Q p ) dy. 

Then the condition <i$ = gives a system of second-order PDE's for the function Q whose 
solutions are 

(21) Q = ci (px - qy) + c 2 p + c 3 q 

for arbitrary constants Ci, 02,03. Thus the space of conservation laws for X\ (and hence for 
X 2 as well) is three-dimensional. 

Remark. By applying the method of equivalence to hyperbolic Monge-Ampere systems, 
one can determine which systems are variational, i.e. are contact-equivalent to the Euler- 
Lagrange equation for a first-order Lagrangian J L(x,y,u,p,q) dx dy. For those which are 
variational, Noether's theorem gives a one-to-one correspondence between conservation laws 
and symmetries for the Monge-Ampere system. The sine-Gordon equation is variational 
and has a three-dimensional symmetry group, so it is no surprise that we arrive at a three- 
dimensional space of conservation laws. 

Computing the space of conservation laws for J is considerably more involved. We will 
use the coframing described above (setting ( = because we are restricting to !B), i.e., 



01 


= dz — 


pdx — qdy 


0-2 


= dz — 


pdx — qdy 




= dx 




J 1 


= dp — 


| sin(2z) dy + A cos(z + z) 9 2 




= dy 




u 4 


= dq — 


~ sin(22;) dx — A -1 cos(,2 — z) 9\ 



Suppose that 

$ = 9 X A (Pi uj 1 + P 2 u 2 + P 3 u 3 + P 4 u 4 ) + 9 2 A (Qhj 1 + Q 2 u 2 + Q 3 u 3 + Q 4 uj a ) + R9 X A 9 2 
is a closed form in J . Computing 

d$ = mod 0i, 2 
shows that Qi = P x , Q 2 = P 2 , Q 3 = —P3, and Q 4 = — P 4 . Next, computing 

d^ = modu 1 ,uj 2 ,9 1 -9 2 
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shows that 

R — — cos(z — z)P 4 — A cos(z + z)P 2 . 
A 

Then the condition c?$ = gives a system of 14 first-order PDE's for the four functions 
Pi, P2, P3, P\- The compatibility conditions for this system lead to five additional equations; 
the resulting system is not involutive, so it must be prolonged. Further analysis shows that 
the general solution of this system is 

P\ — c i[P + |Asin(2; + z) — \y sin(2z) + \(px + qy) cos(z + z)\ + c 2 Apcos(,2 + z) 

+ c 3 (A q cos(z + z) — \ sin(2z)) + |c 4 A sin(,z + z) 
P 2 = CiX + c 2 

P3 — °i[q ~ sm(z — z) + ^xsm.{2z) + \^(px — qy) cos(z — z)\ 

+ C2(X~ 1 p cos(z — z) + I sin(2z)) — C3A _1 g cos(z — z) + sin(z — z) 

Pi = ciy + c 3 

for arbitrary constants Ci,c 2 ,c 3 ,c 4 . Thus the space of conservation laws for J is four- 
dimensional. (See for details about Cartan-Kahler analysis of exterior differential sys- 
tems.) 

Consider the following question: given a conservation law for Zi, is its pullback to J 
equivalent to the pullback of a conservation law for X 2 ? In other words, do the pullbacks 
of the spaces of conservation laws for X±, X 2 span the same three-dimensional subspace of 
the conservation laws for Jl Perhaps surprisingly, the answer in this case is no: it can be 
shown that any conservation law in Xi corresponding to a function Q of the form with 
ci 7^ is not equivalent to the pullback of a conservation law for X 2 , and vice- versa. Thus, 
the four- dimensional space of conservation laws for J is the union of the pullbacks of the 
three-dimensional spaces of conservation laws for Xi and X 2 . 



4. Goursat's Equation 

In an 1899 memoir, Goursat classified those equations of the form u xy = f(x, y, u, u x , u y ) 
which are integrable by the method of Darboux (without prolongation). The equation 



(22) 



w xy + 2 



x + y 







occurs at the head of Goursat's list, and we will refer to it here as 'Goursat I' or simply 
as Goursat's equation. (We will restrict our attention to solutions w(x,y) for which the 
arguments of the square roots in (|22|) are positive.) 

Backlund transformations and Symmetries. A Backlund transformation linking solu- 



tions of (p2 ) with those of the wave equation u xy 
the form 

(23) 



was given by Zvyagin [|IJ, and takes 



u. 



x + y 



+ \/2w x 



u 



u„ 



x + y 



+ 



'2Wy. 



As in the sine-Gordon example we may use the symmetries of (|22| ) to construct a parametric 
version of (|23|). Let Mi = J-^IR^IR) with coordinates x,y,w,p,q, and M 2 — H-zro- 

|), together with x = x and y 
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with coordinates x,y,u,p,q. We regard 



y, as defining 



23 6 C Mi x M 2 . We pull back the contact forms to 23 to give the usual rank two Pfaffian 
system generated by 

Q\ = dw — pdx — q dy, 82 = du — pdx — qdy, 

where 

u j — _ u j — 

V = — ; h V Q = — I 1" V 2a - 

x + y x + y 

In an earlier discussion of Darboux integrability ([|], p. 196), Goursat cited ( p2|) as one 
of the few known Darboux-integrable equations admitting a finite-dimensional symmetry 
group. In fact, its symmetries take the form 

ax + b ay — b 

w I— > Aw + B, jh - y 1 — > 

cx + d cy — d 

where A 7^ and we may take ( " b d ) G SL(2, M). In the case of linear substitution for w, or 
for x and y, the vector field on Mi which generates the symmetry has a lift to 23 which also 
covers a symmetry vector field on M2. However, consider the vector field 

2 d 2 d d d 

v = x y 2xp— + 2yq— , 

ox ay op oq 

on Mi, which generates the following 1-parameter group of symmetries for (^): 

(24) ih — - — , y \—> — - — , p \—> (1 — tx) 2 p, q 1— > (1 + ty) 2 q, wt-^w. 
1 tec 1 ~\~ ty 

Proposition 4.1. There is no lift of v to 23 which covers a symmetry of the wave equation 
on M 2 . 

Proof. Suppose 

2 d 9 d d d d 

v = x o — y o — 2a ^^~ + 2 ^^~ + 

ox oy op oq ou 

is such a lift, where / is an unknown function of x,y,w,p,q,u. The condition £$62 = 
mod 62 implies that 

df = g 02 + ( — \- u + x\/2p J dx + ( — u — x\Plq J dy, 

where y is necessarily a function of x, y and ii only. Further differentiation gives 

= d 2 f = - ^ dp A dx — - ~]—?. dq A dy mod du A dx, du A dy, dx A dy, 

implying that g = x and g = —y, a contradiction. □ 

Now let (ft be the 1-parameter family of diffeomorphisms of 23 defined by fl2~4] ) along with 
w 1 — > u. Let CP C 23 x M be the open set on which (p t is defined, and let <p : 7 — > 23 be defined 
by <£>(x, y,p, g, w, w, t) = <£>t(x, g, u, w). Then one computes that 

g*fl 2 = du- ( U{1 + ty) +V2^)^-- ( U{1 ~ tx) + V2q) J*- moddt. 
\ x + y J 1 — tx \ x + y J 1 + ty 

This form is the same as the pullback of #2 to the submanifold T C Mi x M2 x R defined by 

, , , , u(l + ty) 1 — , , u(l — tx) 1 — 

25 1 - tx)p = y y) + v^P, l + tyg= 1 - ^ v 7 ^- 

x + y x + y 
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It is straightforward to verify that these equations define a Backlund transformation for any 
t for which the maps ( PH) are defined. 



G-Structure Invariants. The coframe 



(=((l-tx)(l+ty)y 1 dt 
(26) 6 1 = —^= {dw — pdx — q dy) 



02 = ( 1 — tx)(du — p dx — q dy) 
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UJ ' 



dx 
dp 



rip 

dy 
dq 



+ 



x + y 



dy 



+ 



2q x + y 



dx — 



u + yylg 

l + ty 



dt 



gives a section of 9 with Ai 
coframe, we compute that 






\/p/q and A 2 — (1 — tx)/(l + ty). With respect to this 











B 2 


c 2 


E2 




~B 3 


c 3 


E 3 




B 4 


c 4 


E 4 _ 





— (X 



— \x 



y) 



y) 



-1 



-1 



1 



~Di 




'-{l + ty){u + x s 


rip-) 











~d; 




-(1 -tx)(u + y^ 




D 4 










In this case, neither F\ nor F 2 is zero, nor is their ratio a constant. We observe that 

(1) Both vectors [B\ B 2 \ and [B 3 B 4 ] are zero, indicating that, for each value of t, this 
Backlund transformation is holonomic (see ||, Thm. 6.2). 

(2) Both sets of B-, C- and i?-vectors are linearly dependent, which is consistent with 
the presence of one-dimensional integrable subsystems in the characteristic systems. 

(3) As in the sine-Gordon example, both D-vectors are perpendicular to the correspond- 
ing i?-vectors. 

Remark. While the transformation (|23| ) is implicit in fll6| , the transformation given there is 
actually 



(27) 



w x + 



z — w 
x + y 



/Wy + 



w 



x + y 



where z(x, y) satisfies the wave equation z xy = if and only if w(x, y) satisfies (^2| 
z is related to u via the change of variable z = w + \v? j{x + y), implying that 



Moreover, 



(28) 



[u 3 



[Un. 



In other words, the two wave equation solutions z and u are related by the simple Backlund 
transformation (^). Such transformations can be characterized by the vanishing of all B- 
and C-vectors (see @, Thm. 3.1). 

An interesting observation is that the Backlund transformation (|27|) is clearly the compo- 
sition of the transformations (|23|) and (^), each of which exhibit simple values for the B- 
and C-vector invariants (e.g. all the B- vectors are zero). However, one can compute that 
for (|27| ) the 5-vectors are nonzero and linearly dependent on the C-vectors. 
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Conservation laws. We will compute the spaces of conservation laws for the wave equation, 
for Goursat's equation (p2|), and for the ideal J on H> t for any fixed value of t. 
First we compute the conservation laws for the system 

X 2 = {du — pdx — qdy, dp A dx, dq A dy}, 

which represents the wave equation u xy = 0. Suppose that 

$ = Q [dp A dx — dq A dy] + 9 2 A 7 

is a closed form in X 2 . Computing 6?$ = mod # 2 shows that 

7 = -Q p dp + Qgdq - (Q x +pQ z ) dx + (Q y + qQ z ) dy. 

Then the condition c/$ = gives a system of second-order PDE's for the function Q whose 
solutions are 

(29) Q = f(x,P) + g(y,q) 

for arbitrary functions /, g. Thus the space of conservation laws for X 2 is infinite-dimensional 
and depends (in the sense of Cartan-Kahler) on two arbitrary functions of two variables. 
Next we compute the conservation laws for the system 



/ IJpq \ ( IJpq \ 

Xi = {dw — pdx — q dy, dp H — dy A dx, dq H — dx A dy}, 

V x+y J V X +V J 

which represents Goursat's equation fl22p. This computation is most easily carried out using 
the coframe 

61 = dw — pdx — q dy, 

to 1 = dx, lu 3 = dy, 

2 4 
uj = dp H — dy uj = dq H — dx. 

x + y x + y 

Suppose that $ = Q [uj 1 A uj 2 — u 3 A u/ 4 ] + Q\ A 7 is a closed form in X. Setting 
and computing d$ = mod shows that 

i=(qi- ( ^ ^ g) ^ + g 2 ^ 2 - (q 3 - 7 ^4 ^ q) ^ 3 -q 4 ^ 4 . 

Then the condition <i$ = gives the first-order PDE 

_ 2pQ 2 + 2gQ 4 + Q 

z(x + y)Vpq 

and four additional second-order PDE's for Q. (Some care must be taken here, as mixed 
partial derivatives in terms of this coframing do not commute.) The compatibility conditions 
for this system lead to three additional equations; the resulting system is not involutive, so 
it must be prolonged. The prolonged system is involutive with last nonvanishing Cartan 
character si = 2, so the space of solutions (and hence the space of conservation laws for 
depends on two arbitrary functions of one variable. Note that (p2|) is not variational, 
so there is no contradiction between the finite-dimensional symmetry group and the infinite- 
dimensional space of conservation laws. 
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Finally, we compute the space of conservation laws for the system 

J = {0i, 02, &i, e 2 } 

on 23 t for some fixed t G R. We will use the coframe (9x, 9 2 , uj 1 , uj 2 , u 3 , u i ) defined by fl2Ep, 
restricted to 23. 
Suppose that 

$ = M (Piu; 1 + P 2 ^ 2 + P 3 u; 3 + P 4 c/) + 2 A (Qicj 1 + Q 2 u 2 + Q 3 u 3 + + R9 1 A 2 

is a closed form in J . Computing <i$ = mod 61, 62 shows that 

(l + ty)P 1 -(l-tx)Q 1 = 0, y/pPs + y/qQ 3 = 0, 
(l + ty)P 2 -(l-tx)Q 2 = 0, V ^P 4 + V / ?Q4 = 0. 

Thus we may write 

$ = ((1 - tx) 0i + (1 + ty) 6 2 ) A (5i cu 1 + S 2 cu 2 ) 

+ (V^i - vW A (S 3 cu 3 + S 4 c/) + P0i A 2 

for some functions Si, S2, S3, 1S4. Computing <i<l> = mod u; 1 , u; 2 , v /p0i — y^02 shows that 

R _ (l + ty)S 2 + ^qS 4 
x + y 

Then the condition <i$ = gives a system of 14 first-order PDE's for the four functions 
Si, S 2 , S3, S4. The compatibility conditions for this system lead to three additional equations; 
the resulting system is not involutive, so it must be prolonged. The prolonged system is 
involutive with last nonvanishing Cartan character s 2 = 2, so the space of solutions (and 
hence the space of conservation laws for J~) depends on two arbitrary functions of two 
variables. 

Clearly, not every conservation law in J is the pullback of a conservation law for ([22]) , 
since the space of conservation laws for J is strictly larger than that for (|22|) . It may be 
that every conservation law in J is the pullback of a conservation law for the wave equation, 
but because the Cartan-Kahler analysis does not give explicit solutions, this hypothesis is 
difficult to confirm or disprove. 

5. PSEUDOSPHERICAL SURFACES IN EUCLIDEAN SPACE 

In this section we study pseudospherical surfaces as arising from integrals of a Monge- 
Ampere system. We present the classical Backlund transformation in the same context, as 
a double fibration fitting the description in §|l]. We calculate the torsion coefficients for the 
corresponding G-structure, and note how these differ from those in the sine-Gordon case. 
Since we are also interested in cases where a one-parameter family of Backlund transforma- 
tions may be generated by a symmetry of one of the Monge-Ampere systems involved, we 
also calculate the symmetries of the system for pseudospherical surfaces. 

Surface geometry via moving frames. Let 3 be the bundle of Euclidean orthonormal frames 
on R 3 , on which the basepoint projection is x and the vector- valued functions ex, e2, e 3 give 
the members of the frame at x 6 I 3 . On there are canonical 1 -forms i]\r]j defined by 
resolving the differentials of these vectors in the frame: 

dx = eirf, de i = e j r q{, 
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summation being understood on repeated indices. (Because the are orthonormal, the rf- 
form a skew-symmetric 3x3 matrix of 1-forms.) By differentiating these defining equations 
we deduce the structure equations for 5F: 

drf = -rf- A rf , drfj = -Tf k A rjj. 

For later use, we note that £F can be identified with a matrix Lie group on which the 77's 
are left-invariant forms. For, we may embed the vectors of the frame in a 4 x 4 matrix 



,, = , ) e M. 3 x 50(3), 
where the columns of A are e\, e^ in order. Then 



9 1 dg 











o\ 


rf 





nl 




rf 


Vi 





vi 


\v 3 


7)1 







so(3). 



The action of this group on jF given by left-multiplication covers the Euclidean motions in 

10)3 



Given a regular surface S C 
along S, which are lifts into !L 



it is standard to construct first- order adapted framings 

/V 

s^m 3 

such that ei,e2 are tangent and is normal to the surface. (Note that such framings are 
not unique, since they may be modified by rotating ei, C2 within the plane they span.) These 
lifts are surfaces S C fto which rf restricts to be zero, and along which rf^rj 2 are linearly 
independent. It follows from the structure equations that 

(30) ^|e=W + W 

for a symmetric 2x2 matrix of functions hij, which are the components of the second 
fundamental form of S relative to the basis ei,e2 IfLT l. The Gauss curvature K and mean 
curvature H of the surface are respectively equal to the determinant and one-half the trace 
of the matrix (hij). Consequently, the restricted forms on S satisfy 



r/f A rf - 77! A rf 



IHrf A rf 



The K = — 1 system. A pseudo spherical surface in M 3 is one with K — — 1 at each point. For 
such surfaces, any first-order adapted framing is an integral surface of the EDS X generated 
by the 1-form rf and the 2-forms drf and 

* = rf A 7?2 + rf A rf. 

This would satisfy the Defn. LI for Monge-Ampere systems, except that the underlying 
manifold is 6-dimensional. However, the Cartan system of X is {77 1 , rj 2 , rj 3 , rjf, rj^}- The 
integral curves of this Frobenius system are the fibers of a projection J — ► IX 5 , where XL is 
the unit tangent bundle of M 3 and the projection is given by taking e% as the unit vector. 
(Consequently, moving along the fibers corresponds to fixing the basepoint of a frame in £F 
and rotating e\ and C2-) By a standard argument, the generating differential forms project 
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to become well-defined (up to multiples) on IX, and so there is a well-defined EDS on IX 
such that each integral surface in £F which is transverse to the fibers corresponds to a unique 
integral surface in IX. In this case, the EDS on IX is a genuine Monge-Ampere system which 
we will also call X. That this system is hyperbolic follows from the factorizations 

+ dif = (rjf + rf) A {rf 2 - 77 1 ), V - drf = (rjl - rf) A {rf 2 + i] 1 ). 

In general, we may perform computations with the generators of X up on knowing that 
our conclusions will hold on IX. 

Relationship with sine-Gordon. By breaking the Cauchy characteristic symmetry of the sys- 
tem for pseudospherical surfaces, we can show how such surfaces may be constructed from 
solutions of the sine-Gordon equation 

On an open subset of the surface which is free of umbilic points, we may choose a Darboux 
framing, i.e. a first-order adapted framing which diagonalizes the second fundamental form. 
For such a framing, we have 

fvf\ _ Aan0 \ 

\r&) ~ { -cot</>) [r?) ' 

where <fi G (0, 7r/2) is one-half of the angle between the asymptotic lines. We adjoin as a 
new variable, and enlarge our EDS to a rank three Pfaffian system {rj 3 , r]f — (tan0) r] 1 , rj 3 , + 
(cot0)7/ 2 } on 5F x IR. The vanishing of the exterior derivatives of the last two 1-forms 
implies that the forms 77 1 / cos0 and rj 2 / sin0 are closed. Hence, on any integral surface there 
exist local coordinates ti,t% such that rj 1 = (cos<f))dti and rj 2 = (sin0) dt%. It follows that 
x = (ti + t<i)j1 and y = (ti — 1 2 )/2 are arclength coordinates along the asymptotic lines. 

Substituting d<fi = <p x dx + <p y dy into the 2-forms of the EDS shows that rj 2 = <p y dy — <j) x dx 
along any integral surface. It is then easy to see that the structure equation dr/ 2 — r) 3 A rj 2 
implies that <ft satisfies the sine-Gordon equation 

(j) xy = ±sin(20). 

Conversely, if (f>(x, y) is a solution to the sine-Gordon equation, we may produce a pseudo- 
spherical surface by integration. For, if we let A = (ei,e 2 ,e 3 ) as before, then the structure 
equations cfej = imply that 

qa ( -<p x -sin<A QA ( <p y -sin0\ 

(31) — = A\<p x cos0 =A\-ct) y -cos0 . 
( '' ysin^ — cos0 J y ysin0 cos0 J 

(This is an overdetermined system for matrix A(x,t), and its integrability condition is the 
sine-Gordon equation for (f>.) So, given a solution to sine-Gordon, we may obtain the framing 
by solving linear systems of ODE, and then solve for the surface x(x, y) G M 3 by integrating 
the equations 

(32) — — = e\ cos (ft + e 2 sin (ft — = e\ cos0 — e 2 sin0. 
ox " ay 

For example, the traveling wave solution u = 4 arctan (exp(ax + a~ x y)\ a ^ 0, gives the clas- 
sical pseudosphere (i.e., the surface generated by revolving the tractrix about its asymptote) 
when a 2 = 1 and gives Dini's surface when a 2 7^ 1. 
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Remark. The relationship between solutions of the Monge-Ampere system for pseudospher- 
ical surfaces and solutions of sine-Gordon can be described in terms of a double fibration 
that is similar to the geometric definition for Backlund transformations given in §[fl For, let 
M = J 1 (IR 2 ,R) carry the sine-Gordon system given in §BL and let U be the 5-dimensional 
quotient manifold on which X lives. Then there is a double fibration 

MxJ 

7Tl / \ 7T2 



M U 



with the obvious projections. Moreover, ( pT|) and (^) are equivalent to a Pfaffian system 



S of rank six on M x J, with the property that if S C M is any integral surface of the 
sine-Gordon system, then S restricts to be Frobenius on = 7rf 1 (S). Thus, 3\Te is foliated 
by integral surfaces of S, each of which projects via 7r 2 to give an integral surface of I. 
For this reason, we say that the pseudospherical system is an integrable extension || of the 
sine-Gordon system. However, the double fibration described here does not give a Backlund 
transformation, in the sense of §|l], between the two Monge-Ampere systems. 



Backlund transformations. The Backlund transformation for pseudospherical surfaces 
arises naturally in a classical context, the study of line congruences in Euclidean space. A 
line congruence is a two-parameter family of lines; associated to the congruence are two focal 
surfaces to which each line in the family is tangent. Leaving degeneracies aside, locally the 
lines give a 1-to-l correspondence between points on the focal surfaces. 

Theorem (Backlund) . If the distance A between corresponding points on the focal surfaces 
and the angle ip between the surface normal at corresponding points are both constant, then 
the two surfaces have the same constant negative Gauss curvature, and we say they are 
related by a Backlund transformation. 

(For a proof using moving frames, see M.) 

For the rest of this section, we normalize the Gauss curvature to be —1. Then A = simp, 
and we may regard A or ip as the parameter in the Backlund transformation. 

Let 3 and 5F be two copies of the frame bundle. The starting point of the proof of 
Backlund's Theorem is adapting frames (x, ex, e 2 , e 3 ) and (x, ex, e 2 , e 3 ) along the two surfaces 
so that ex = ex is tangent to the line connecting corresponding points x and x. Then the 
graph of the Backlund transformation is a 6-dimensional submanifold of J x "J on which 

x = x + Aei 

ex = ex 

(33) , 

e 2 = e 2 cos ip + e 3 sin yj 

e 3 = e 3 cos if) — e 2 sin ip 



for some constant A = sin-^. 
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We will regard ( |33| ) as defining a 7-dimensional submanifold 7 C JxJxM. Differentiating 
the above equations reveals the following relationships between the canonical forms: 

V 1 + d\, V 3 = V 3 - dt/j, 

cos?/' sin^/A (rj 2 — \T]2 
— sin ip cos ip 



cos ip sin ip 
- sin ip cos ip 



G-Structure Invariants. On 7 we will choose 61,62 to be multiples of rf,rf respectively, 
and let /C = {r] 3 ,rj 3 ,dip}. That (^) really does define a Backlund transformation for pseu- 
dospherical surfaces follows from 

drf = i]l A 7/2 + 77 1 A rf mod /C. 

Moreover, this shows us how we may choose a section of the G-structure 9 on IP associated 
to the Backlund transformation. The coframe 



c 
61 
62 



dip 

277 3 

2r} 3 



UJ 1 = T] 
2 



,1 



UJ 



10 ' 



UJ 



rf + r/3 1 

v 1 + vl 
v 2 - vl 



satisfies 



with A\ 



UJ' 



UJ ' 



UJ 



•1 and A2 = 1. If we modify this coframe by setting 
1 + cos ip 



v 2 + vl 



v 1 + vl 



sin ip 



-V 



rr 



1 



COS Ip o _ 2 1 

•V =V -V3 



1 



COS?/' o 

V, 



sin^ ' '' sin ip 

then we get a section of 9- Using this modified coframe, we compute 



B 1 d 
B 2 C2 



B 3 
B, 



C 3 



E 2 

E 3 
E± 



4(1 



— cos ip) 

-1 



4(1 + cosVO 



esc ip 


esc ip 






-2 sin^ 


-2 smip 



^3 
£>4 





1 + cos ip 


1 — cos ip 



Again, F\ and F2 are nonzero, and their ratio is non-constant. We observe that 

(1) The vector pairs {[B\ B 2 ], [C\ C2]} and {[B 3 £> 4 ], [C 3 C4]} are both linearly inde- 
pendent, by contrast with the sine-Gordon example. 

(2) As in the sine-Gordon example, the vectors [Di D 2 ] and [D 3 D±] are perpendicular 
to their respective S-vectors, and the .E-vectors are dependent on their respective 
C-vectors. 



Symmetries. For the pseudospherical surface system on 5F, the Cauchy characteristic vec- 
tor fields correspond to infinitesimal rotation of the frame within the plane. Other 
symmetries generate the six- dimensional group of Euclidean motions of M 3 , and these vector 

fields are precisely the right-invariant vector fields on 5F as a Lie group. 
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Proposition 5.1. These are the only symmetries of the pseudospherical system X. 

Proof. Choose a finite-dimensional complement to £j C &x by requiring that the sym- 
metry vector field satisfy v - 1 r]\ = 0. We will show that the space of such symmetries is 
6-dimensional, and hence consists only of the projections of the right-invariant vector fields 
into the complementary subspace. 
Suppose that 

\/-irf = x 1 \i- t rf = ai 1 y-'T]f = bi 
for i = 1,2. Then the requirement that C v rf G X implies that 

(34) dx = OiT]\ + biif mod rf. 
Therefore, let c be the ^-component of dx. Differentiation gives 

= d(dx) = a,-, A r\\ + ^ A rf + 7 A rf 

where an = dcti — atf?, Pi = dbi — bjr/j — crjf, 7 = dc — bitjl, and all indices range between 
1 and 2. By the Cartan Lemma there must be a symmetric matrix 5* of functions such 
that 

(35) %a u a 2 , p u fa, 7) = S \vl vl v\ rf, V 3 ) 

Let the entries of S be S^ u = S Ufi with indices between 1 and 5. The additional symmetry 
condition is C v ^/ = mod X. One computes that 

£ V V = 2(S 13 + S 2 ,-c) V 1 A V 2 + 2(S u + S u ) V lA V 1 + (S 11 -S u +x) V lA V 2 -(S 22 -S 33 +x) V lArf 

modulo r] 3 , drf, \1>. Therefore, we must have S24 = c — S% 3 , S34 = —S12, Su = Su + x 
and ^33 = S 22 + x. We may take (|34] ) , (|35|) as defining a Pfaffian system of rank 6. Upon 
calculating the prolongation of this system, we find that the only integral manifolds satisfying 
the independence condition ^3 A rj 2 A r] 1 A rf A rf 7^ have c = 0, and satisfy the rank 6 
Frobenius system defined by fl34|) and 

dai = —xrjl + Surf — birf — a 2 rh\ 

da 2 = -xrf - Su?] 1 - b 2 rf + 

dbx = -S 1A rf - b 2 r]\ 

db 2 = SuTjl + birj\ 

dS u = bxrf - 6 2 ?73. 

Since any Frobenius system of rank k is locally equivalent to a system of k first-order ODE, 
it follows that the space of such symmetries is parametrized by six constants, and hence is 
spanned by the projections of the Euclidean symmetries into the complement of £j. □ 

Conservation laws. First we compute the space of conservation laws for the ideal X x . (This 
will, of course, be isomorphic to the space of conservation laws for X 2 .) Suppose that 

$ = Q [r/ 3 A rf + rf A rf] + rf A 7 

is a closed form in X\. Setting 

dQ = QiV 1 + Q2 rf + QsV 3 + Qi rf + rf 
and computing <i$ = mod rf shows that 

7 = -Qs rf + Q±ri 2 + Q 2 rf - Q x rf. 
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Then the condition d$ = gives the first-order PDE 



Q 3 = o 

and four additional second-order PDE's for Q. The compatibility conditions for this system 
lead to five additional equations; the resulting system is not involutive, so it must be pro- 
longed. The resulting system is a Frobenius Pfaffian system of rank six; thus the space of 
solutions (and hence the space of conservation laws for each of T\ and X 2 ) is 6-dimensional. 
This is the expected result: the pseudospherical system is variational, so by Noether's theo- 
rem there is a one-to-one correspondence between conservation laws and symmetries. 

Next we compute the space of conservation laws for J , using the coframing described 
above, i.e. 

0i = 2?? 3 , e 2 = 2ff, 

112 3 1 2 

u =r} -773, ^ =r] +r] 3 , 

2 2,1 1 + COS^ 3 4 2 1, 1 -COS^ 3 

oj = v +r) 3 , u = V - % + ^—V ■ 

sin ip sin ip 

Suppose that 

$ = 0! A (Picu 1 + P 2 uj 2 + P 3 u 3 + P4 u; 4 ) + 9 2 A {Q 1 uo 1 + Q 2 u 2 + Q 3 u 3 + Q 4 u 4 ) + R9 1 A 9 2 

is a closed form in J . Computing rf$ = mod 9i,6 2 shows that Q\ = —P\, Q 2 = —P2, 
Q 3 = P 3 , and Q 4 = P 4 . Next, computing <i<3> = mod c/, cj 4 , Q\ — 9 2 shows that 

(l + cosVd)P2 + (1 -cos^)P 4 

R = — ; — ■ . 

2 sm ip 

Then the condition rf$ = gives a system of 14 first-order PDE's for the four functions 
Pi,P 2 ,P 3 ,P 4 . The compatibility conditions for this system lead to seven additional equa- 
tions; the resulting system is not involutive, so it must be prolonged. The resulting system is 
a Frobenius Pfaffian system of rank seven; thus the space of solutions (and hence the space 
of conservation laws for T\) is 7- dimensional. 

Now we ask the same question as in the sine-Gordon example: given a conservation law for 
Xi, is its pullback to J equivalent to the pullback of a conservation law for X 2 1 By contrast 
with that case, the answer here is yes. We can explain this intuitively using the duality 
between conservation laws and symmetries for variational Monge-Ampere systems. The six 
independent symmetries of T\ are all symmetries of 23 as well, unlike in the sine-Gordon case 
where the Lie transformation L M is not a symmetry of B. Thus the pullbacks of the spaces of 
conservation laws for X\ and X2 span the same 6-dimensional subspace of the 7-dimensional 
space of conservation laws for J . The significance of the "extra" conservation law for J is 
not clear; we hope to explore this issue in the future. 



6. Timelike CMC surfaces in Lorentzian quadrics 

In this section we study parametric Backlund transformations for timelike surfaces of 
constant mean curvature in the standard negatively curved Lorentzian space form. This 
example will show several similarities to the pseudospherical example, but exhibits values 
for the Backlund invariants which are different from any of the previous examples. Before 
computing these invariants, we will briefly review surface theory in this setting and construct 
the Backlund transformation. 
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Let L 2 ' 2 denote M 4 equipped with an inner product with + H signature, and let H 2,1 

be the quadric hypersurface in L 2,2 defined by (x,x) = —1. Then H 2,1 inherits a Lorentzian 
metric from L 2,2 and is a homogeneous space form under the action of 0(2,2). Let 3" be 
the bundle of orthogonal frames (x, ei,e2,es) such that x e H 2,1 and G T X H 2,1 , with 
(ei,ei) = (e3,es) = 1 and (e2,e2) = — 1. On £F we define canonical 1-forms 77*, 77J- satisfying 

dx = e^rf , dei = yjfj + tjiil, 

where rfl = rj 1 , rf^ = —rj 2 , 77° = rf, r]\ = r/f, 77 1 = —rjf, i] 2 = ry|, and the diagonal r/j's are 
zero. The structure equations 

drf = -7]) A rf, dr\) = -rf k A 77* — rf A rf- 

imply that all planes in H 2 ' 1 have sectional curvature —1 (see \T2\ for curvature conventions). 



A timelike surface S C H 2 ' 1 is one to which the metric restricts to have H — signature. A 
first-order adapted framing on S is a (local) lift into 5F such that e% is normal to the tangent 
plane of 5*. Such lifts may be modified by a Lorentzian rotation of e\ and €2- Along such 



a lift £ C J we have 77 = 0, and hence ( p0|) holds for a symmetric matrix of functions fry. 
Computing the change in h{j under rotations shows that det(hij) and h\\ — Y122 are invariants. 
In fact, the Gauss and mean curvature of S are defined by 

(36) drjl = -Kr] 1 A rj 2 = -r]\ A^ + r] 1 Ar] 2 

2H7] 1 A rj 2 = rjl A rj 2 + r}\ A rj 1 . 

The CMC System. Suppose S has constant mean curvature H. Then S is an integral surface 
of the Monge- Ampere system generated by rj 3 , drf and 

* = ^3 A V 2 ~ V3 A V 1 + ZHrj 1 A rj 2 . 

Integral surfaces of this system correspond to solutions of a certain second-order hyperbolic 
PDE in local coordinates on S obtained by choosing first-order adapted frames which diag- 
onalize h iy For, suppose that hyi = 0, h n = e 2u + H and /122 — e 2u — H for some function 
u. Differentiating ( j30| ) shows that e u r] 1 and e u r] 2 are closed, and hence equal to dx and dy, 
respectively, for some functions x and y. Determining rv\ in terms of u and substituting in 
the Gauss equation ( j36|) shows that, as a function of the local coordinates x and y, u satisfies 
the equation 

u xx - u yy = e 2u + (1 - H 2 )e~ 2u . 

This is equivalent to the sinh-Gordon equation when H 2 > 1, the cosh-Gordon equation 
when H 2 < 1, and to Liouville's equation when H 2 = 1. Given a solution u(x,y) of one of 
these equations defined on an open set U C I 2 , we can construct the corresponding CMC 
immersion by integrating a compatible system of total differential equations like (|3l|) and 



(32). (In practice, the immersion will only be defined on a sufficiently small neighbourhood 
of a given point in U.) 

Remark. The correspondence between linear Weingarten surfaces in Riemannian and semi- 
Riemannian space forms and solutions of a handful of 'model' second-order PDE's is set out 
in detail in the dissertation of Penn [1^ . 
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Backlund Transformations. A geometrically-defined Backlund transformation for time- 
like CMC surfaces is provided by the following analogue of Backlund's theorem, which is 
also a generalization of a Backlund theorem for timelike minimal surfaces in flat Minkowski 
space [[|. 

Theorem 1. Let U C IR 2 be an open set and suppose x, x : U — ► H 2,1 are two timelike 
immersions with unit normal vectors e 3 and e 3 respectively, such that 

(i) for each p e U, x(p) and x(p) are the endpoints of a spacelike geodesic of fixed 
length r > 0; 

(ii) at each end, the tangent vectors to the geodesic orthogonally project to null vectors 
in the tangent spaces to the surfaces S = x({7), S = x(£7); 

(iii) the inner product of the parallel transport of e 3 along the geodesic from x to x 
with the aforementioned null vector in TS is a constant h 7^ 0. 

2-h 

Then both surfaces have constant mean curvature H = ± — . 

2 tanh r 

Proof. We may choose first-order adapted frames at corresponding points on the surface so 
that e\ + e 2 + e 3 and E\ + e 2 + e 3 are unit tangents to the geodesic which are related by 
parallel transport along the geodesic. It follows that the adapted frames must be related by 
equations of the form 



(37) 



/x\ 


/ c 


s 


s 


\ 


/x\ 


e 3 


s 


(l-h)c 


c 


(l-h)c 


e 3 


ei 


s 


c 


(l-k)c 


(l-k)c 


ei 


w 




(h-l)c 


(k - l)c 


(h + k-l)cj 


Ve 2 y 



where c = coshr, s = sinhr, and c 2 hk = 1. Computing and comparing the canonical forms 
shows that 

2 — h 

= dfj 3 = 7/3 A rf - fjl A if = r)l A rj 2 - rfc A i] 1 H — A 7/ 2 . 

tann t* 

Thus, surface 5 has the desired mean curvature, and the mean curvature of S follows by 
symmetry. (Note, however, that the sign of the mean curvature depends on the orientation 
of the normal e 3 relative to e\ and e 2 . Since the limit of ( |57D as r — > interchanges e\ and e 3 , 
the sign of the curvature of the surface S, using normal e 3 , is opposite from that of 5.) □ 

Thus, for any fixed value of H , there is a one-parameter family of Backlund transformations 
for timelike CMC surfaces in H 2 ' 1 . (Note that we may also allow r < as well as r > in 
(|37j).) For the rest of this section, we will restrict to H = 1, and so we will set 



h = 2(1 + tanhr), k = -(1 — tanhr). 
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As in §|5|, we regard ( p7| ) as defining a 7- dimensional submanifold I 1 C J x J x R. Differ- 
entiation shows that the canonical forms, restricted to CP, satisfy 



rf — rf 

vi-vl 

rf — rf 

vl + vl 

f rf -rf 



vl + vl- vi 



1 (1 + X l-X 
\\1 - X 1 + X 

1 fl + X f-A 

rf + rf — rf + <ir, 



r/ 3 — r/ 2 
rf — rf 



X = e 2r ^ 1 



G-structure Invariants. On CP, let /C = {rf, rf, dr}. The above relations imply that 

drf = {rf + rf) Arf — {rf + rf) A rf mod K 



while 



Thus, the coframe 



drf = (r/3 + rf) A rf - (rf + rf) A rf mod K,. 



C = dr, 
Oi = 2 V 3 , 
6 2 = 2rf, 



uj 1 = rf — rf, 
uj 3 = rf + rf, 



^ = vi + v 2 - vl - v 1 

satisfies (0) with A\ — — 1 and A 2 = 1. If we modify this coframe by setting 

112 3 
10 = T] — T] +77 

a; 3 = 77 1 + rf - rf + dr 

2 

^ 4 = 7/3 - ^3 - V + V 2 + X3T^ 3 + dr), 
then we get a section of S. With respect to this coframe, we compute 

1 



B\ Ci i?i 

i?2 C*2 E 2 

B3 C 3 _E 3 

i?4 C4 £4 



4(A-1) 
1 



A 2(A-1) 2A 




A 

2A 



2(A-i; 
-4 



-2A 
4A 



~Df 


r 


P*. 













A- 1 
-1 



.A-l A-l- 
As well, F% = 2/(A — 1) and _F 2 = 0. In this example, we observe that 

(1) The vectors {[Bi B 2 ), [C\ C 2 }} are linearly dependent, while {[B 3 £? 4 ], [C 3 C4]} are 
linearly independent. 

(2) Each Z)-vector is perpendicular to the corresponding B-vector. 

(3) The vectors [E\ E 2 \ and [E 3 E4] are each linearly dependent on the corresponding 
C-vectors. 
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Symmetries. A computation similar to that in the proof of Prop. |5.1| yields: 

Proposition 6.1. When H 2 ^ 1, the only symmetries of the CMC system for timelike 
surfaces in H 2,1 arise from rigid motions of H 2,1 and Lorentzian rotations of the first-order 
adapted frames. When H 2 = 1, the space of symmetries depends (in the sense of Cartan- 
Kahler) on two arbitrary functions of one variable. 

Conservation laws. First we compute the space of conservation laws for the ideal T\. (This 
will, of course, be isomorphic to the space of conservation laws for I 2 .) Suppose that 

$ = Q [rjl A if - vl A r] 1 + Irf A rj 2 ] + rj 3 A 7 

is a closed form in X\. Setting 

dQ = QiV 1 + Q2 rj 2 + Q 3 T] 3 + Q4 vl + Q 5 vl 
and computing <i$ = mod rf shows that 

7 = (Q2 ~ 2Q 5 ) r] 1 + (Q 1 + 2Q 4 ) V 2 + Qs vl + Qa vl 
Then the condition c?$ = gives the first-order PDE 

Q 3 = o 

and four additional second-order PDE's for Q. The compatibility conditions for this system 
lead to three additional equations; the resulting system is not involutive, so it must be 
prolonged. The prolonged system is involutive with last nonvanishing Cartan character 
si = 2, so the space of solutions (and hence the space of conservation laws for ecah of X\ 
and X 2 ) depends on two arbitrary functions of one variable. This is the expected result: the 
CMC system is variational, so by Noether's theorem there is a one-to-one correspondence 
between conservation laws and symmetries. 

Next we compute the space of conservation laws for J , using the coframing described 
above, i.e. 



2rf 



^3 



9 2 = 2rj 



w i =r/ i_ r? 2 + r?3; a; 3 = 77 1 + 7 7 2 - 7 7 3 , 

= vl + v 2 + vl + v\ ^ = vl - vl -v 1 + v 2 + y—^- 

Suppose that 

$ = 9x A {Pxuu 1 + P 2 u 2 + P 3 u 3 + P 4 u 4 ) + 6> 2 A {Qmo 1 + Q 2 ou 2 + Q 3 u 3 + Q 4 u 4 ) + R9 X A 6 2 

is a closed form in J. Computing rf$ = mod 9i,9 2 shows that Qi = —P\, Q 2 = —P 2 , 
Q 3 = P 3 , and Q4 = P4. Next, computing rf$ = mod u 3 , u 4 , 61 — 6 2 shows that 

R=l(P 1 + P 3 ) + ^L_P A . 

Then the condition <i$ = gives a system of 14 first-order PDE's for the four functions 
Pi, P 2 , P3, P4. The compatibility conditions for this system lead to four additional equations; 
the resulting system is not involutive, so it must be prolonged. The prolonged system 
is involutive with last nonvanishing Cartan character s 2 = 1, so the space of solutions 
(and hence the space of conservation laws for J) depends on one arbitrary function of two 
variables. 

Because the Cartan-Kahler analysis does not give explicit expressions for the conservation 
laws for 1\ and 1 2l it is difficult to determine whether the pullbacks of these spaces to 23 
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coincide. In any case, since the space of conservation laws for J is strictly larger than those 
for X\ and Z 2 , the pullbacks cannot possibly span the entire space of conservation laws for 
J . Again, the significance of the "extra" conservation laws for J is unclear, and we hope to 
explore this issue in the future. 

7. Further Results 

Characteristic Systems and their Derived Flags. We now give some results relating the struc- 
ture of the characteristics of the Monge-Ampere systems linked by a parametric Backlund 
transformation to the G-structure invariants derived in §H. 

Recall that Cu,Cu denote the characteristic systems of X\ and C 2 i, C22 denote those of Z 2 , 
and we have numbered them so that C\\ = C 2 \ and C\ 2 = C 22 modulo /C. 

Theorem 2. If the vectors \B\ B 2 ], [Ei E 2 ] are both linearly dependent on [C\ C 2 \ at each 
point of S, but at least two of these three vectors are nonzero, then each of C\\ and C 2 \ con- 
tains a one- dimensional integrable subsystem. The analogous conditions on [B 3 B±], [C 3 C4] 
and [E 3 E±] imply that C\ 2 and C 22 each contain one-dimensional integrable subsystems. 

Before proving this theorem, we will need to explore the implications of the structure 
equations ( p~5| ) for the derivatives of the torsion coefficients Ai, Ci, and -Dj. 

Recall that 1Zi,1Z 2 denote the Cartan systems of Xi,X 2 on S, and the pullbacks of the 
characteristic systems to 9 include 7r*Cn = {#1, u 1 , u 2 }, tt 2 C 2 i = {9 2 , u 1 , u 2 }. The fact that 
the span {9 2 ,oo 1 ,uj 2 } is the pullback of a well-defined system on M2 implies that 

^=0] too 

} modd 2 ,u\u 2 ,A 2 {n 2 ). 
du z = Oj 

Substituting in u l = u 1 + D 2 ( and uj 2 = u 2 — Di( gives 
(38) 

dD l = D 2 a 3 + D l { 1 - 04) - C 2 {D 3 u 3 + D 4 u 4 ) - E 2 Q X + D lo 2 

dD 2 = D x a 2 + D 2 (7 - ai) + C^D^ + D 4 uj 4 ) + E X Q X + D 20 6 2 

for some functions Dy and D 2 j. (In fact, computing d(d8 2 ) = and reducing modulo 9 2 
and u 3 shows that D 12 — D 21 = F 2 .) We can derive analogous formulas for dD 3 and dD A by 
working with C 12 . 

Computing d^du 1 ) = and d(du 2 ) = 0, and reducing modulo uj 1 ,^ 2 gives 

dCi = d(A +(3a- «i) - C 2 a 2 + (Ex - C 1 F 1 )C + A 2 B 1 9 1 - B x 9 2 

(39) + C^u 1 + C 12 u 2 + C 13 u 3 + C 14 £ 4 

dC 2 = C 2 (A a A ) - da 3 + (E 2 - C 2 F X )C, + A 2 B 2 Q X - B 2 Q 2 

+ C21W 2 + C 22 co 2 + C 23 u 3 + 

for some functions C\j and C 2 j. Then computing d(d9 2 ) = mod 9 2 gives 

dA 2 = A 2 ((3i +p 4 -an- a 4 ) + A 2 F 2 ( + C 2 u l - C x Zj 2 + A 20 9 2 + A 23 u 3 + A 24 to 4 

for some functions A 2 j. 

Recall that the derived system of a Pfaffian system C is spanned by those 1-forms in C 
whose exterior derivatives are congruent to zero modulo C, i.e. are linear combinations of 
wedge products, each of which has a form in C as one of its factors. The derived system, 
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mod ( 



denoted by is equal to C if and only if C is Frobenius. The derived system of is 
denoted by C^ 1 , and so on. 

It is easy to see from the structure equations (|T5|) that 

TTjCg 5 = {C^ 1 - Ci0i, LU 2 - c 2 e 2 }. 

Similarly, using the derivative formulas ([38|), one computes that 

ir*C$ = {uj 1 - (d/Aa)^, u 2 - (C 2 /A 2 )6 2 }. 

It follows that 

dffi - (Ci/A 2 )92) = mod 2 1 - (Ci/A 2 )9 2 , Z 2 - (C 2 /A 2 )6 2 , A 2 (TZ 2 ), 
and this implies the identities 

A 2 D\q + C\D\\ + C 2 D\ 2 = D\C 22 — D 2 C 2 \ — D%C 2 4 + -D4C23 + -E2 — 

(40) A 2J D 20 + dAa + C 2J D 22 = £> 2 Cu - Did, + D 3 C 14 - D 4 C 13 - E 1 + C 1 F 1 . 

We are now ready to prove Theorem 0. 

Proof. By hypothesis, there exists a sub-bundle 9' C 9 on which B\ = C\= E\ = 0, and we 
will restrict all forms and functions to this sub-bundle. Then on 9', 

TrJCff = {u; 1 , cu 2 - C 2 9 2 }, tt* 2 C^ = {u\ u 2 - (C 2 /A 2 )6 2 }. 

Computing d(duj r ) = on 9' and reducing modulo uj 1 ,^ 2 gives 

a 2 A (6 1 A (£ 2 2 - E 2 Q + C 2 w 3 A C; 4 ) = mod uj 1 , uj 2 . 

Since C 2 7^ and at least one of _B 2 , E 2 is nonzero, the 2- form in parentheses has rank four, 
and it follows that a 2 = modulo u l ,u 2 . In fact, substituting into (|39|) shows that 

Cuo; 1 + Ci 2 o; 2 

(41) a 2 = 

and that C13 = C14 = 0. It now follows from this and ( |15j ) that 

du; 1 = — ofi A u; 1 — a 2 A uj 2 = mod ttA 

Thus, 7r^Cn = {#1, uj 1 , uj 2 } contains the integrable 1-form uj 1 . 
Furthermore, we compute that 

du 1 = mod uj 1 , Zj 2 - (C 2 /A 2 )6 2 , 

which implies that uj 1 G tt^C^ . (Here, it is necessary to compute keeping the identities 
( ffDD in mind.) The dimension of this second derived system is upper semi- continuous, and 
bounded above by dimC 2 ^ = 2. Hence we may assume that either C^x = Qi 011 an open set 
in M 2 , in which case C21 is Frobenius and must contain an integrable 1-form, or dimC 2 ^ = 1 
on an open set. In the latter case, then n^C^ = {Z 1 }, arid so necessarily 

dSj 1 = modu\A 2 {n 2 ). 

However, we compute that 

du 1 = D 20 (6 2 - (A 2 /C 2 )u 2 ) A C mod u 1 , 
so it follows in this case that D 2 o = and uj 1 is integrable. □ 
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Corollary 7.1. If [D x D 2 ] is perpendicular to each of [B x B 2 ], [C a C 2 ] and [E x E 2 ], and if 
at least two of those three vectors are nonzero, then the intersection of Cu and C 2 i contains 
a one- dimensional integrable subsystem. Analogous conditions on [B 3 B4}, [C3 C4], [D 3 D4] 
and [E3 E4] imply that C X2 and C22 share an integrable 1-form. 

Proof. As in the proof of the previous theorem, we may restrict to the sub-bundle S' where 
B\ = C\ = E\. Then D 2 = 0, and cu 1 = u) 1 is an integrable 1-form common to both 
systems. □ 

Symmetric Backlund Transformations. We will say that a parametric Backlund transforma- 
tion (T, Mi, M2) is symmetric if there is a vector field w on T such that 

(a) w is a symmetry of each of the one-dimensional Pfaffian systems {#1}, {#2} and {(}; 

(b) w is transverse to the leaves S A ; 

(c) w has nonzero projections to Mi and M2. 

Although the Backlund transformations for the sine-Gordon equation and for Goursat's 
equation are symmetric, the Backlund transformation for pseudospherical surfaces and the 
transformation for CMC surfaces with H 2 7^ 1 are not symmetric, since the only relevant 
symmetries of the underlying systems arise from rigid motions of the ambient space, and 
these do not change the Backlund parameter. The same argument cannot be applied to the 
CMC system with H = ±1, since in that case the space of symmetries (excluding rotations 
of first-order adapted frames) is not finite-dimensional, but depends on two functions of one 
variable. 

Proposition 7.2. The parametric Backlund transformation for surfaces of constant mean 
curvature H = ±1, given in §|6|, is not symmetric. 

Sketch. Let w be a vector field on "? and let \n-*uj % = x\ w-'u;* = y* and \N->dr = f. Condition 
(a) above is equivalent to 



for some functions go,gi,g2- Regard these equations as defining a rank three Pfaffian system 
on T x M 10 , with / and the gi, x l , yj as the extra variables. The integrability conditions for 
this Pfaffian system imply that / = 0, and hence there are no vector fields that satisfy both 



Concluding Remarks 

There are many issues raised here that merit further exploration. These include: 

• In all of the examples computed here, the .E-vectors and C-vectors are linearly de- 
pendent, and the B- vectors and D- vectors are perpendicular. Is this true in general? 
If not, what is the significance of these conditions? 

• What is the significance of the "extra" conservation laws for the system J on B 
appearing in the sine-Gordon and CMC examples?" 

• Is there a condition on the invariants of the G-structure that indicates whether or 
not a Backlund transformation is symmetric? 

We hope to explore these issues in future papers. 
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